I. INTRODUCTION
Since Berry's seminal paper on the extra quantum geometric phase associated with the adiabatic evolution of a physical system ͓1͔, there has been a flurry of activities on the subject ͓2͔. Indeed, the rich and elegant formalism of holonomy and connection lends itself naturally to the mathematical formulation of phenomenon ͓3͔. It was observed that when the dynamical phase is removed, the evolution of the system is simply a parallel transport of the phase. Moreover, the adiabatic condition was subsequently found to be unnecessary provided the integral of the expectation of the Hamiltonian is identified as the dynamical phase ͓4͔.
The acquisition of a geometric phase in an adiabatic evolution is not confined to quantum phenomena. The classical analog exists and is sometimes referred to as the Hannay angle ͓5͔. In another interesting paper ͓6,7͔, Berry established a semiclassical relation between the quantum and classical geometric phase in an adiabatic evolution. Specifically, Berry showed that under the adiabatic approximation, the classical Hannay angle and quantum geometric phase obey the following relation:
where ⌬ g is the adiabatic classical Hannay angle ͓5͔ and ␥ n (C) is the adiabatic geometric phase ͑Berry's phase͒. Furthermore, if the Hamiltonian is a time-dependent harmonic oscillator ͑TDHO͒ ͓6͔, the analysis can be done exactly using quantum mechanics without any semiclassical approximation. Recently, this relation between the quantum and classical geometric phase has been extended to nonadiabatic evolution for the TDHO ͓8-11͔. To simplify computation, the authors substituted trial wave functions in their calculations in order to establish the relation
where ␤ is the quantum geometrical phase and g is the nonadiabatic Hannay angle. The purpose of this paper is to derive the same nonadiabatic relation more rigorously from a perspective using exponential quadratic operators ͓12͔. Our derivation has the advantage that there is no assumption of a specific form for the initial wave function. The idea of gauge transformation provides an elegant tool for nonadiabatic evolution. We will show that by the same gauge transformation both the classical and quantum nonadiabatic Hamiltonian have the same diagonalized form as that of the adiabatic Hamiltonian for the TDHO. Thus, in our formalism, by invoking gauge transformation, Hannay's angle can be calculated in an analogous manner to that for Berry's phase. In Sec. II, we briefly sketch our technique. We see that the adiabatic formula in Eq. ͑1͒ is also valid for the nonadiabatic situation. In Sec. III, we establish the nonadiabatic relation between the quantum and classical geometric phase. Naturally, our result reproduces the result found in Ref. ͓8͔ when some winding numbers are set to zero.
II. METHOD

Consider the Hamiltonian
This TDHO can be solved exactly through the Lewis method ͓13͔ or through gauge transformation ͓14͔. In our approach, we choose the latter and invoke gauge transformation ͓14͔ to solve the Schrödinger equation
To this end, we suppose ͉(t)͘ϭU͉Ј(t)͘ so that the above equation can be reexpressed in terms of ͉Ј (t) 
where
Here, the state
is the eigenstate of the simple harmonic oscillator
The functions f (t) and f *(t) are two linearly independent solutions of
and k(t)ϭexp͓2͐ 0 t c(tЈ)dtЈ͔a(t).
Moreover, applying the Baker-Campbell-Hausdorff formula ͓12͔, the matrices U i (iϭ1,...,3) obey the property
Note that the corresponding transformation for (x ,p ) is given by U k
where the superscript T denotes transpose. Finally, it is worth noting that the invariant of the timedependent Hamiltonian is
͑Note that a possible application of such an action-angle variable in quantum theory can be found in Ref.
͓15͔.͒ A direct calculation shows that
where L k is given by Eq. ͑15͒. It is instructive to note that Ĥ Јϭv(t)Î.
III. QUANTUM-CLASSICAL RELATIONSHIP
We now study the Ϫ(nϩ 1 2 ) relation between the quantum geometric phase and Hannay's angle. It has been pointed out in Ref. ͓8͔ that their results ''indicate that we may treat Lewis' invariant Î as an adiabatic Hamiltonian, the Berry phase and Hannay angle of which are equal to the nonadiabatic geometrical phase and angle of Hamiltonian'' in Eq. ͑3͒. We now provide further insight into this idea and establish a stricter mathematical proof of the Ϫ(nϩ 1 2 ) relation for the TDHO. Let us first recall the adiabatic treatment.
Quantum mechanically, if the Hamiltonian changes very slowly with time, we can solve the Schrödinger equation approximately using the stationary eigenstate of the instantaneous Hamiltonian, i.e., we solve the equation of
This state ͉n"R i (t)…͘ is the phase-corrected eigenstate of the Hamiltonian Ĥ under the adiabatic approximation. The explicit expression for ͉n"R i (t)…͘ can be obtained upon diagonalization of Ĥ by the Bogoliubov transformation, i.e., if the eigenstate of Ĥ 0 is ͉n 0 (R i (t)…͘, then the eigenstate of Ĥ is U͉n 0 "R i (t)…͘ provided that UĤ U Ϫ1 ϭĤ 0 . The eigenstate obtained through adiabatic treatment is generally different from the exact ͑nonadiabatic͒ treatment. For the exact ͑nona-diabatic͒ situation of the Hamiltonian defined by Eq. ͑3͒, one can make use of gauge transformation ͓14͔. In Ref. ͓14͔, the phase-corrected solution for TDHO is ͉ n ͘ϭU 1 U 2 U 3 ͉n͘.
͑20͒
As defined earlier, ͉n͘ is the eigenstate of the simple oscillator H 0 . Moreover, the adiabatic solution of Ĥ Јϭv(t)Î can be obtained by solving the instantaneous stationary eigenstate equation in Eq. ͑19͒. We also see that the phasecorrected state ͉ n ͘, within a time-dependent phase factor, is not only an adiabatic solution of Hamiltonian Ĥ Ј, but is also a nonadiabatic solution of the TDHO. By the first part of Eq. ͑2͒, the same phase-corrected state should have the same geometric phase. Thus, we conclude that the exact geometric phase of a TDHO, Ĥ , is equal to the adiabatic geometric phase of Ĥ Ј.
Classically, we can consider the same Hamiltonian defined by Eq. ͑3͒. Denoting ϭ( p x ), we rewrite the Hamil tonian as Hϭ This is the analog of the gauge transformation for the TDHO in quantum mechanics. Taking the transformation
T N, and Nϭ( c(t) b(t) a(t) c(t)
we get
Moreover, it can be shown that classical invariant I satisfies ‫ץ‬I ‫ץ‬t ϩ͕I,H͖ ϭ0, ͑26͒
with the explicit form defined as in Eq. ͑17͒ by
However, for the Hamiltonian
the equation of motion is ϭJv(t) ( C(t) B(t) A(t) C(t)
) . Denoting ϭD T Ј, we see that an adiabatic solution of the equation of motion is
Comparing Eq. ͑25͒ and Eq. ͑28͒, we see that the exact solution of the equation 
IV. CONCLUSION
In summary, we reiterate the main points. We have established more rigorously Eq. ͑1͒ relating the quantum geometric phase and the classical Hannay angle using gauge transformation for the TDHO. No semiclassical assumption is invoked in our method. Moreover, the quantum and classical systems are treated in the same manner with analogous equations. Our approach should also be applicable to the driven TDHO as investigated in a recent work by Song ͓16͔.
